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In this study the effect of the propagation coefficient on the molar distribution function in a modified shell model for
micellar systems was examined. The sharpness of the micelle size distribution boundary was found to depend less on the degree
of polymerization, n, than on the prop=gation coefficient, P. Although Kegeles (J. Phys. Chem. 83 (1979) 1728) has reported a
marked sharpening of the distribution boundary when P =20. we found the boundary to be fairly broad at this point.
However, as values of the propagation coefficient were increased fron1 3 to 10. the micelle distribution boundary became
increasingly sharp. The possibility of such a change in the reaction boundary arising from a structural transition. accompanied
by a change in the rate of dissociation of monomer from the shell. is also discussed.

1. Introduction

Several models have been proposed to describe
the micellar equilibria [1-9], and the kinetics of
surfactant micellization have been widely ex-
amined [3,10-19]. In considering a shell model for
the size distribution of micelles, Kegeles [9] has
shown that for true micellar solutions, the intrinsic
equilibrium constant K for all oligomers above
dimer is different from the K value for a mono-
mer-dimer equilibrium. That is, the monomer-di-
mer reaction can be assumed to be a nucleation
step for the formation of micelles and can be
appropnately weighted with respect to all subse-
quent reactions by a nucleation factor, f, in the
molar distribution function in a micellar system.

[A,]/[Ao]=f[ (—,,'%).][ ;11][ K[:Ll] '

where [A,] and [A_] are the concentration of ith
oligomer and free monomer, respectively.
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The basic premises of the shell model [9] for
size distribution and critical micelle behavior have
been well established: that if the preexisting
oligomer in a hypothetical shell is proportional to
the number of empty holes, n — i. as well as the
number of monomers in the system (i -+ 1). and
the probability of monomer being added to the
shell is (i + 1), then the probability of monomer
being dissociated from this preexisting shell is
proportional to the number of monomers, (i + 2).
ie.

A iad = 22 5] xiaa

n

i=01....... (n—1)

The product of the intrinsic formation constant
for the addition of a monomer to any oligomer
and the concentration of free monomer, [A ], forms
a propagation coefficient. K{A_], greater than
unity to produce concerted or cooperative growth.
n—i . .
(n—i)/n, where 0 < E— < 1, is taken as a steric
factor, the maximum space available and the max-
imum growth limit of the ith oligomer in a given
shell which can be added to one preexisting mono-
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mer. provided that ith additional monomers arc
already present in the shell. It has been tradition-
ally accepted that K[A_] is slightly less than or
equal to unity at all concentrations above the
critical micelle concentrauon [3.4,10,13,20].

Kegeles’ extensive consideration of the nature
and possible ramifications of a shell model for size
distribution in micelles has stimulated this further
study of the effect of the propagation coefficient
on the molar distribution function in micellar sys-
tems. In particular. we have examined the extent
to which the propagation coefficient continues to
affect the micellar distribution boundary at values
greater than 2.0.

2. Formulation of the distribution function

in this study. we assume that a hypothetical
shell has » holes to be filled, forming a micelle,
where 7 represents the degree of polymerization,
which can be experimentally determined by sedi-
mentation equilibrium measurements or scanning
molecular sieve chromatography {21]. Letting the
present shell have i monomers, then ve can as-
sume, In general, that the probability of a mono-
mer being associated into one of the empty spaces
is a;[A,], while the probability of monomer being
dissociated from the shell is denoted as B,, where
the concentration of monomer in solution is [A,].
Hence. a; is simply the formation rate constant
describing a single hole in the shell to be filled and

a;[8;10R,]

Fig. 1. Schematic drawing of a modified shell model where the
rate of association of monomer into the preexisting i th oligomer
having » holes is a,[A,}jA,], and the rate of dissociation of
monomer from the shell is B,[A ;).

B, is the dissociation rate constant describing a
single monomer to be released from the shell. The
kinetics of mmcellization of such a shell model can
be described schematically as shown in fig. 1, based
on the law of mass action [22] and ignoring ther-
modynamic nonideality. Thus. the follow expres-
sion may be derived:

Aoz a.[A.l)[A,l— AT
i=1 =2
~ A2 AT+ B AL - A - £slA]
d[-A‘]
‘T=(a:[A1]+Bx}[A.]—“:—I[K'IHA,—l]
:. - -‘I[A:+1]
- d[gln] =8.[A,1- an—![Al][An—l] (1
i R . df 4,]
For a system at chemical equilibrium. i.e.. ~§r
=0 or [A+IA L= AL
B:[A:]l=a[A T
BilAs]=ax{As][A]
Boada i l=aAA]
B 1A ]l=ca,i[A,1][A] (2)

Rearrangement of this expression gives the molar
distribution ratio with respect to [A,;] which is

[Az] . A

A B
[A3] oo 2
A ~B‘ﬁ_ [A.l

[A] _ aeas .« _y
[A,]  BBa---- Bi

N

[A.] It bt S S

[Al] - BzB}""Bn [AI]"- (3)
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This is a formulation of the general distribution
function for a shell model. The molar distribution
of {A,] depends on the values of a,, B; and [A,;] Tn
general, «; is also dependent on the number of
monomers in the shell and the number of empty
sites thuat can be filled, while 8, depends on the
number of monomers already present in the shell.

In the Kegeles shell model [9], a«; is directly
proportional to the number of empty holes, as well
as the number of monomers in the system, i being
the number of monomers in the shell. B, is propor-
tional to the number of monomers in the system.
In other words, Kegeles assumed two proportion-
ality constants, @ and B, such that

a‘__ﬂ‘{n—‘:+l);a=(n—i+i)i(%) (4)
The general shell model described by eq. 5 be-
comes

[A,.4] nt 1 o *

AT -G (m {Em) ®
which is identical to the expression developed by
Kegeles [9]. We may argue that while a shell with
ith monomers has (7 — i) empty holes or spaces,
each of the monomers can only share (n —§)/i
spaces. For this reason we propose that «; = {(n7 —
i)/ Bia = (n — i)a, as shown in fig. 1, where i rep-
resents the monomeric binding sites, (n — i)/i the
number of holes to be filled by each of the mono-
mers and «a is the proportionality constant. With a
proper substitution of «, = (n — i)« into eq. 3, the
molar distribution function may be expressed as:

Al - {n—1){n—2)---(n—i+1) o !

PR
IA} 273 er conof B“‘{ 1]
ltn « L
=20 ()} ()
where i=12,...... n. If we define K= «/B, the

intrinsic equilibrium constant, and define .5e ini-
. . 1 -

tial concentration, [Aol/IA]=—{KIA} !, then
the total concentration, Cy; = L7 o[A,}]=(1 +

KA D" /(nK). Then the relative concentration of
[A,] becomes

B (Mxany o+ xia”.
=002 ... n &

which is a binomical distribution function. Here
[Ag] * can be considered as the concentration of a
shell without monomers in it, and since the term
does not alter eq. 7. the relationship X7_,i[A;]=
27 FIA,] still holds true. The molar disiribution

function [A,] may be expressed as a binomial
distribution function [23,24] of the form {(a + b)".

[Ad/cr=(TREIADY 70+ KA D"

-5} (mn )

or

imy P T

- i)'\H—P {1+Pf ®
Thus, [A,]/Cr=(a+b)"=()a'b" "' [23] where
a=FP/(1+ P), b=1/(1 + P) and the propagation
coefficient. P, is equal to K{A]. **

* The notation [A,] used here differs from [A_]. defined in
section 1 as the concentration of free monomers. It is also
possible to obtain the distribuiion functions Cy. [A,}/Ct
and p without considering the concentration of shells, using
the expressions:

Cr= T IAl= {0+ KIAD 1),

%';l=(?)("’['°‘x])'/{(l+ K[A D" ~1).
and

_rP(+pY"!
(+P)y -1~
which is identical to eq. 11 and to egs. 29-13 of Tanford
251
** The propagation coefficient K[A,]. desciibing the kinetics
of micellization of this model, is equivalent to K [A ] of the
shell model described in section 1.
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3. The centroid position of the micelle distribution
and the emergence of critieal micelle concentration

If the mean value of distritution is denoted as
. then

,,=( ) i[A.J/cT) o)
i-0

The centroid position of such a distribution can
readily be evaluated as follews:

p= X i(TRKIAD A1+ K[AD
t=0
_ KA+ KA .
Y7 D) o

With a proper substitution of propagation co=fri-
cients, eq. 10 yields

npP

o an

n
It 1s clear from eq. 11 that the centroid position, u,
reflects the existence and position of the micelle
peak in the molar distribution cf [A;].

The distribution function [A ;] /C+ from eq. 8 of
this shell model will decrease monotonically as a
function of i, provided that the propagation coeffi-
cient, P, is very small. In this instance, it i1s not
possible to sep~rate an emerging micelle peak from
the overall distribution of monomer, [A,}. It has
been pointed out by Kegeles [9] that the con-
centration of oligomer 1n the shell, [A,], reaches 2
maximum when dIn[A;]/di=0, i.e.
dln[A,]/CT=il [ n!

: -]
ai T ITEr TR

=ln[":i]+]nP=0 (12)

Eq. 12 is solved for the maximum micelle num-
ber, i, where i, = nP/(1 + P). The propagation
coefficient, P, can also be evaluated from the
following expression,

P Lim /A= im)] (13

It becomes clear that no micelle peak will emerge
from the molar distribution boundary under con-
ditions such that P <2/(n — 1) where [A,]=[A,]
= [A;] - - - . The critical micelle peak emerges when

P>2/(n—1), since

(s <G Ee) (me) oo

4. The sharpness of the boundary distributior

The sharpness of any boundary distribution is
defined by the variance, o2, representing the dis-
persion of the molar distribution function [A;1/C.
Let 6 — Vo2 be the standard deviation. By defini-
tion, o is a measure of the spread of [A;]/C+
about tlie mean value of p. It has previously been
shown that the distribution function is sharper if a
large value for n is assumed and the value of the
propagation coefficient lies close to unity, as pre-
cicted by the Kegeles shell model [9].

Upon closer examination, it appears that the
sharpness of the distribution depends less on the
degree of polrinerization, n, than on the propaga-
tion coefficient. By definition thz variance is ex-
pressed as:

= ( ) izlA,-l)/cT—( ) i[A.l) /€% (15)
F=0 :=0

Eqg. !5 may also be written as

2l n(n—D{K[A,FYO+K[A,])"?

a+ KA
oo e {1~ Toxia) a0

Thus, eq. 16 becomes
6*=nP/(1+ P)* Qa7

Given two values of a propagation coefficient
such that P, > P,, then g, > p, from eq. 11, sug-
gesting that as the propagation coefficient in-
creases, the centroid position tends to increase.
However, the sharpaess of distribution, expressed
in terms of o2, will either increase or decrease
depending on the product of P P,. If PP, <1,
then 62 > o7, and the distribution becomes
broader. If P, P, > 1, then of < ¢, resulting in a
sharper distribution. It should be noted that a
sharpening of the boundary which results from a
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shift in the centroid position does not necessarily
reflect a change in the variance, o,

5. Numerical sim:iation of eq. 10

It is possible to generate the concentration of
oligomer with respect to the total concentration.
C+, using eq. 8. A program for Fortran 370 has
been developed, in which values for n and P are
specified and the comnbinatorial coefficients are
computed using the sum of the logarithms of the
natural numbers. i.e.. n! = exp(Z7. ,In7). This com-
putation has been determined to be accurate to
five decimal places.

.30

The binomial distribution function, [A,]/Cy., is
then plotted as a function of i, using a “dotplt’
routine. In this computer simulation, P varics from

0.01 to 10.0. Representative results are shown in
fig. 2.

6. Results and discussion

As shown in fig. 2, the micelle distribution
boundary becomes increasingly broad as the prop-
agation coefficient increases from 0.01 to unity.
when 7z = 100. At P = 0.01, the micelle distribution
monotonically decreases from [A|]/Cy=0.03 to
zero at i =5, at which point the boundary disap-

o.25 §-

.22

.18

Sarae sreEert aines mepaRtil ¢

.00

60 70 30 20 100

Fig. 2. Micelle molar distribution function [A,]/Cy as a function of 7 showing the effect of the propagation coefficient, P. on the
shape of the reaction boundary. when n = 100. (A) P = 0.01. (B) P = 0.03. (C) # =0.10. (D) P =030.(E) P = 0.60. (F) P =1.00. (G}

P =200, (H) P=300. (1) P=5.00. (5) P=8.00, (K) P=100



360 P.W. Chun, M.C.K. Yang/Propagation coefficient in micellar systems

pears. At P=0.05, we observe a sharp initial
boundary with a centroid position at i=35 and a
maximum at [A;]/C+=0.223. At P=0.1, the
centroid position of the boundary peak is at i =9
and the maximum at [A,;]/C+=0.138. When P =
0.6, a broadening of the boundary is observed with
a centroid position at i = 37 and a maximum at
[A1/C+=0.08. At P=1.0,i=50 and |A,]/C+=
0.06. These theoretical boundary distribution func-
tions are consistent with experimental results from
scanning molecular sieve chromatograghy [21] or
other transport techniques.

It also 1s evident that the micelle distribution
boundary becomes increasingly sharp as values of
the propagation coefficient are increased from 1 to
10, an observation which is consistent with earlier
findings by Kegeles [9] as shown in fig. 2. It should
be noted that we did not observe a marked shar-
pening of the distribution boundary where P = 2.0,
as Kegeles has reported. At P=3.0,i=75 and [A;
1/C+=0.08. At P=5.0, i=84 and [A,;}/Ct=
0.12. When P=8.0, i=89 and {A;]/C;=0.13;
while at P=10.0,i =92 and [A,;]/C+ = 0.139. Our
results indicate that as values for the propagation
coefficient exceed 10, the micelle distribution
boundary becomes increasingly hypersharp.

7. Skewing and bimodality in micellar reaction
boundary

Skewing and bimodality in the micellar system
can arise from the heterogeneity of the surfactant
micelle as well as structural intermediates present
m the system. In order to account for these ob-
served boundary shapes, we assume the following
boundary conditions: (i) If the shell size increases
from j to j+ 1, there is a structural transition,
where the rate of dissociation of monomers S;
changes from B; to i8*. (i1) At this point, the
intrinsic equilibrium constant will change, from X
to K*. Hence, if #* < B, then in the region from j
to 72, the tendency to grow cooperatively into
tightly bound micelles increases. Thus, the X re-
gion may represent a nucleation prccess, while the
tendency in the K* region is to form tightly bound
micelles. Thus, 8 and B* will influence the struct-
ural transition which occurs. (iii) If 8= B8*, the

system simply obeys a binomial distribution func-
tion as described by eq. 7, which is always uni-
modal. (iv) Based on the assumption given in (i).
and the general expression for a shell model given
in eq. 3, the following distribution functions may
be generated:

{%:}=%(';)(K[A,])"'.i=].2. ..... jand
g Y et
i=j+1.j+2....n (18)

It is apparent that eq. 5 describes a symmetri-
cal, unimodal boundary. in contrast to eq. 18. in
which two distribution functions are combined to
describe a reaction boundary which exhibits skew-
ing or bimodality. The following cases can be
derived from eq. 18:

(a) Unimodal reaction boundary, skewed in the
trailing edge. In this case nK = j(/ + K) and nK*
> j(l + K*).

(b) Unimodal reaction boundary, skewed in the
leading edge. Here, nK < j(I + K) and nK* > j(1 +
K*).

(c) Bimodal boundary, where nK <j(1 + K)
and nK* > j(1 + K*). The centroid positions of
such a distribution occur at g, = nK/(1 + K') and
n,=nK*/(1 + K*), with a minimum at j. if (j+
D=(n—7))K*A,]and at j+1 if (j+1)=(n—
HKALL

(d) No skewing of the bimodal boundary wiil
be observed when the centroid positions p; and u,
defined in (c) are far apart.

The variation in boundary shape for micellar
distribution as a function of j, 8 and 8* is shown
in fig. 3. Skewing of the boundary, s, and the
kurtosis, A, which measures the closeness to a
normal boundary distribution, may be determined
using the following expression:

s={ > (i—u)’[—‘é‘;—]}/os (19

i=1

([ £ 0 21] )
=1 T

where C; =Z7_[A;), p =X ,i[A;]1/Ct and 02 =

T (i—uH)A,1/Cy. The boundary parameters s

i=1
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Fig. 3. The boundary shapes for micellar distribution {A,}/Cy as a function of i showing the effect of j. 8 and g*, given a=1.0 and

the boundary and the kurtosis, A. vhich measures the closeness to a2 normal boundary distribution, may be determined using the
following expression:

Cr= 2. (A =Y i[A}/Crando?= ) (i—p*)[A,1/Cx
i=1 I

=1

A ;}= LO. The variations in boundary shape for miceilar distribution as a function of 7. 2 and #* are shown in this figure. Skewing of
1 X P g 34

The boundary parameters s and A are used to define the relationship between the experimentally determined distribution and an ideal
Gaussian distribution. The boundary shapes for micellar distribution [A,]/Cy as 2 functuion of i showing the effect of 7. B and B*.
givena=1L0and [A, ]=10, areas follows: {A) B=8*=0333.5=0.1153, A = —0.0066. i= 73 at p. (B) j=72. B = 0.333, g~ = 0.250,
s= —0437. A=C.563, i=80 at p. (C) j=74, §=0.333, f~=0250 s= ~0510. A=0.337, i =80 at g. (D) j=76. B=0333,
B*=03250, 5= —0.373, A=0.218, i==75, 80 at p. {(E) j =81, £#=10.333, $*=0250. s =0.146. A =0.0147, i= 75 at n. (F)} j =82,
B=10333 8*==0.250,s=0.122. A= 0.123. i =75 at p.

and A are used to define the relationship between structural transition, the X* region. is K*[A,L It
the experimentally determined distribution and an must be assumed. for this transition to occur, that
ideal Gaussian distribution. Thus, as shown in B = p* and K* = 1,/CMC.
fig. 3, if any structural transition occurs during the
micellization process, it will be reflected by a
skewing or bimecdality of the reaction boundary
{fig. 3). Thus, thc X region showing in fig. 3 repre-
sents a nucleation process where the intrinsic
micellization constant is inversely proportional to

the critical micelle conzeantration (CMC). The
propagation coefficient for a micellization via

The apparent effect of the propagation coeffi-
cient on the micelle distribution boundary appears
to be two-fold. First, the sharpening of the
boundary as the value of the propagation coeffi-
cient increases above 3.0 suggests the formation of
micelles of a uniform size and distribution. Sec-
ond, the propagation coefficient is an indicator of
the rate at which monomer is associated into the
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ith oligomer in the shell and also the rate at which
monomer is dissociated from the skell. When the
value of the propagation coefficient is high, the n
holes of each shell arec cooperatively filled by the
existing monomeric species, resulting in a uniform
distribution of micelles.

It is possible to derive a series of kinetic rate
expressions for a shell model such as is shown in
fig. 1, based on the modal distribution function for
the system at equilibrium and consistent with this
distribution function. In terms of the rate of disap-
pearance of the monomeric species in solution,
[A,], this expression would be

n—1 hid
__d[;"] =Y a(n—IAJA1-BY i[A,] (20)
z im0 =1

where the equilibrium constant K= (a/B) and
letting the apparent equilibrium constant, K’ =
i[A;)/In— (i— DIA,_,JJA,]l. Thus, eq. 20 be-
comes

dfa d
SAM s (e iia - mi1a)

i=1

=a{%—l—l(}’-i'i[A,] 1)

Although the kinetics of this reaction remain to
be examined, it is apparent that the rate at which
the monomeric species is associated into the shell
and the corresponding rate at which monomer is
dissociated from the shell back into solution at
equilibrium conditions are crucial to any consider-
ation cf formation and size distribution of micelles
in intgracting systems.

Preliminary data in our laboratory from scan-
ning molecular steve chromatographic studies of
sodium deoxycholate in 0.1 mM pinacyanol chlo-
ride, 0.2 M NaHCO; buffer, pH 8.5, indicate that
the micellization process involves an initial forma-
tion of a small, metastable complex from surfac-
tant monomer rather than the shell formation
which might be theoretically predicted, prior to the
formation of micelles. We are currently investigat-
ing the kinetics of micellization and the nature of
any structural intermediate formations in the sys-
tem [21].

It is of interest to note that the maxima of the
micellar boundary peaks, i_, as a function cf the

propagation coefficient, shown in fig. 2, decrease
monotonically to a minimum plateau, then in-
crease monotonically over the range where P =
0-10 or more. This suggests that it might be useful
in future studies io evaluate intrinsic equilibrium
constants of micellization, once the concentration
of monomer or weight fraction monuomer have
been evaluated by scanning molecular sieve chro-
matography or sedimentation equilibrium mea-
surements. A plot of the propagation coefficient
and 7z in eq. 11 vs. the ith oligomer as a function
of temperature, pil, and ionic strength, should
also provide additional information on the ther-
modynamics of micellization.
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