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In this study the effect of the propagation coefficient on the molar distribution function in a modified shell model for 
micellar systems was examined. The sharpness of the micelie size dktribution boundary was found to depend less on the degree 
of polymerization. n, than on the propagation coefficient. P. Although Keg&s (J. Phgs. Chem. 83 (1979) 1728) has reported a 
marked sharpening of the distribution boundary when P = 2.0. we found the boundary to be fairly broad at this point. 
However. as values of the propagation coefficient were increased from 3 to 10. the micelle distribution boundary became 
increasingly sharp. The possibility of such a change in the reacrion boundary arising from a structural transition. accompanied 
by a change in the rate of dissociation of monomer from the shell. is also discussed. 

1. Introduction 

Several models have been proposed to describe 
the micellar equilibria [l-9], and the kinetics of 
surfactant micellization have been widely ex- 
amined ]3,10-191. In considering a shell model for 
the size distribution of mice&s, Kegeles [9] has 
shown that for true micellar solutions, the intrinsic 
equilibrium constant K for all oligomers above 
dimer is different from the K value for a mono- 
mer-dimer equilibrium_ That is, the monomer-di- 
mer reaction can be assumed to be a nucleation 
step for the formation of micelles and can be 
appropriately weighted with respect to all subse- 
quent reactions by a nucleation factor, f, in the 
molar distribution function in a micellar system. 

i=I.Z......n 

where [A, J and [A,] are the concentration of ith 
oligomer and free monomer, respectively. 
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The basic premises of the shell model [9] for 
size distribution and critical micelle behavior have 
been well established: that if the preexisting 
oligomer in a hypothetical shell is proportional to 
the number of empty holes, n - i. as well as the 
number of monomers in the system (i + 1). and 
the probability of monomer being added to the 
shell is (i + I), then the probability of monomer 
being dissociated from this preexisting shell is 
proportional to the number of monomers, (i + 2). 
i.e. 

[A,+,]/[A.I=[ G][ s] KtA,J 

i=O.l.......(n-II) 

The product of the intrinsic formation constan: 
for the addition of a monomer to any oligomer 
and the concentration of free monomer, [A,]. forms 
a propagation coefficient. K [A,], greater than 
unity to produce concerted or cooperative growth. 

n--i 
(,I-j)/>z,whereO<- < 1. is taken as a steric 

factor, the maximum sp:ce available and the max- 
imum growth limit of the ith oligomer in a given 
shell which can be added to one preexisting mono- 



mer. provided that i th additional monomers arc 
already present in the shell. It has been tradition- 
ally accepted that K[A,] is slightly less than or 
equal to unity at all concentrations above the 
critical micelle concentrarton [3.4,10,13,20]. 

Kegeles’ extensive consideration of the nature 
and possible ramifications of a shell model for size 
distribution in micelles has stimulated this further 
study of the effect of the propagation coefficient 
on the molar distribution function in micellar sys- 
tems. In particular_ we have examined the extent 
to which the propagation coefficient continues to 
affect the micellar distribution boundary at values 
greater than 2.0. 

2. Formulation of the distribution function 

in this study. we assume that a hypothetical 
shell has )I holes to be filled, forming a micdle. 
where II represents the degree of polymerization. 
which can be experimentally determined by sedi- 
mentation equilibrium measurements or scanning 
molecular sieve chromatography [21]_ Letting the 
present shell have i monomers, then we can as- 
sume, in general, that the probability of a mono- 
mer being associated into one of the empty spaces 
is a;[A,], while the probability of monomer being 
dissociated from the shell is denoted as /3,, where 
the concentration of monomer in solution is [A,]. 
Hence. ai is simply the formation rate constant 
describing a single hole in the shell to be filled and 

Fig. 1. Schematic drawing of a modified shell model where the 
rate of association of monomer into the preexisting i th oligomer 
having n holes is a,[A,KA,], and the rate of dissociation of 
monomer from the shell is /3,[Ai]. 

p, is the dissociation ra.te constant describing a 
single monomer to be released from the shell. The 
kinetics of micellization of such a shell model can 
be described schematically as shown in fig. 1, based 
on the law of mass action (221 and ignoring ther- 
modynamic nonideality. Thus. the follow expres- 
sion may be derived: 

(1) 

dt /1,1 For a system at chemical equilibrium. i.e.. -dr 

= 0. or [Al] + [Ai] 2 [A,+ 11. 

&[A21 = n,[A,l’ 

B,tA,l=c,-,[A,-,][A,] (3 

Rearrangement of this expression gives the molar 
distribution ratio with respect to [A,]. which is 

[AZ] 
IA;~==$%] 

I.431 
~-~[A,? 

I-%] 
m--a[&]’ 

(3) 
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This is a formulation of the general distribution 
function for a shell model. The molar distribution 
of [A;] depends on the values of ai, & and f4,]. In 
general. ai is also dependent on the number of 
monomers in the shell and the number of emptv 
sires that can be filled, while pi depends on the 
number of monomers already present in the shell_ 

In the Kegeles shell model 191, ai is directly 
proportional to the number of empty holes, as well 
as the number of monomers in the system, i being 
the number of monomers in the shell. & is propor- 
tional to the number of monomers in the system. 
In other words, Kegeles assumed two proportion- 
ality constants. a and 8, such’ that 

P, = @ 

a*= 
{ff-i-l-1 

1 
~ k=(n-i+l)i(;) 

*a 1 
The general shell model described by eq. 5 be- 
comes 

(5) 

which is idenrical to the expression developed by 
Kegeles [9J. We may argue that while a shell with 
i th monomers has (12 - i) empty holes or spaces, 
each of the monomers can only share (?r - i)/i 
spaces. For this reason we propose that ai = {(II - 
i)/i}ia = (rz - i)a, as shown in fig. 1, where i rep- 
resents the monomeric binding sites, (n - i)/i the 
number of holes to be filled by each of the mono- 
mers an.2 a is the proportionality constant. With a 
proper substitution of a, = (ra - ija: into eq. 3, the 
molar distribution function may be expressed as: 

[A,] (n-l)(n--2)s-- - 
-c+x 
!*,I 

(6) 

where i = 1,2,, . _ _ _ .n_ If we define Ic= a//3, the 
intrinsic equilibrium constant. and define &e ini- 

tial concentrat!on, [A,]/[A, ] = -l-{K[A,]}-t, then 

the total concentration, C, +_,[A,] = (1 + 
li; [A I I)“/( rrK ). Then the relative concentration of 
[A ,] becomes 

P&L(T) (K[A,I)‘/(l+ KIA,])“. 

i=J.1.2.......n (-0 

which is a binomical distribution function. Here 

IA,] * caii be considered as the concentration of a 
shell without monomers in it, and since the term 
does not alter eq. 7, the relationship Cy_‘,,I’[A,]= 

z-= 1 i[Ai] still holds true. The molar distribution 
function [Ai] may be expressed as a binomial 
distribution function f23,24] of the form {a -+ b)“. 

[&]/CT= (:fPtA,]&‘{J+ KlA,])* 

1 
“-1 

= 

I-rKIA*I 

or 

Thus, [A,]/C, = (a + b)” = ()i2)u’b”-’ [23] where 

a=P/(I +P),b= l/( 1 + P) and the propagation 
coefficient. P, is equal to lu[A,]. ** 

The notation IAoJ used here differs from IA,]. defined in 
seelion I as the concentration of free monomers. IS is also 
possible fo obtain the disrribu:ion functions CT, [A,]&, 
and p uirhout considering she concentration of shells. using 
the expressions: 

and 

?#(I-+ Jy--l 
p= (I-i-P)“-1 - 

which is identical to eq. 11 and to eqs. 29-13 of Tanford 

Ml. 
T&e propa@ion coefficient K[A,]. desciibing the kinetics 
of miceliizarioa of this model, is equivalent so K [A,,] of the 
shell model described in section i_ 



3. The centroid position of the micelIe distribution 
and the emergence of critical micelle concentration 

If the mean value of distribution is denoted as 
u. then 

( 

n 
P= c ilA,I/CT 8) 

i-0 1 

The centroid position of such a distribution can 
readily be evaluated as follcws: 

P= i; ;(l){A’[A,])‘/{J+-K[A,I)” 
r-cl 

= “{KIA,l)(l+Kb%l)“-’ 
(J-t Khl”) 

With a proper substitution of propagativn coefii- 
cients, eq. 10 yields 

“‘6 (11) 

It is zlear from eq. 11 that the centroid position, (1, 
reflects the existence and position of the rnicelle 
peak in the molar distribution of [A;]. 

The distribution function [A,]/Cr from eq. 8 of 
this shell model will decrease monotonically as a 
function of i, provided that the propagation coeffi- 
cient, P, is very small_ In this ir.st?nce. it is not 
possible to sepqrate an emerging micelle peak from 
the overall distribution of monomer, [A,]. It has 
been pointed out by Kegeles [9] that the con- 
centration of oligomer in the shell, [A;], reaches a 
maximum when dln[Ai]/di = 0, i.e. 

dln[A, l/G d n! 

di 
= ~1z-l 

i!(n - i)! 
P’(Ji-P)--” 3 

=Jn n-l +JnP=O 
[ ‘I i (12) 

Eq. 12 is solved for the maximum micelle num- 
ber, i,, where i, = h-P/(1 + P)_ The propagation 
coefficient, P, can also be evaluated from the 
following expression, 

P=[i,/(~~-i~)j (13) 

It becomes clear that no micelle peak will emerge 
from the molar distribution boundary under con- 
ditions such that PI 2/(n - 1) where [A,] 2 [A2 j 
L [As] - - - _ The criticsl micelle peak emerges when 

P r 2/(n - l), since 

4. The sharpness of the boundary distributio= 

The sharpness of any boundary distribution is 
defined by the variance, c’, representing the dis- 
persion of the molar distribution function [A,]/Cr. 
Let (I = &: be the standard deviation_ By defini- 
tion, u is a measure of the spread of [A,]/Cr 
about the mean value of u_ It has previously been 
shown that the aistribution function is sharper if a 
large vdue for n is assumed and the value of the 
propagation coefficient lie; close to unity, as pre- 
dicted by the Kegeles shell model [9]. 

Upon closer examination, it appears that the 
sharpness of the distribution depends less on the 
degree oi polymerization, n, than on the propaga- 
tion coefficient_ By definition the variance is ex- 
pressed as: 

o= = ( $;2[A;])/C~- ( ,~O~IA.!))C~ 

Eq. 15 may also be written as 

Gz_ n(n-J)CK[A,l=}{J+K[Ai]}“-’ - 
{J+K]At])” 

(1% 

nKfA,] -- J- 
J+K[A,] 

(16) 

Thus, eq. 16 becomes 

02 = nP/( 1+ P$ :J7) 

Given two values of a propagation coefficient 
such that P, > Pz, then p, > pLz from eq. 11, sug- 
gesting that as the propagation coefficient in- 
creases, the centroid position tends to increase. 
Eiowever, the sharpness of distribution, expressed 
in terms of c2, will either increase or decrease 
depending on the product of PIP,_ If P,Pz -Z 1, 
then uf S- ~2, and the distribution becomes 
broader. If P,Pz z- 1, then a: -Z 02, resulting in a 
sharper distribution. It should be noted that a 
sharpening of the boundary which results from a 



shift in the centroid position does not necessarify 
s-effect a change in the variance, CJ’_ 

5. Numerical simidation of eq. 10 

It is possxble to gexlerate the concentration of 
oligomer with respect to the total concentration. 
C,, using eq. 8. A program for Fortran 370 has 
been developed, in which values for n and P are 
specified and the combinatorial coefficients are 
computed using the sum of the logarithms of the 
natural numbers. i.e., n! = expfCyW ,ini). This com- 
putation has been determined to be accurate to 
five decimal places. 

The binomial distribution function, [A,]/C,, is 

then pfotted as a function of i, using a “dotpft’ 
routine. In this computer simulation, P varies from 
0.01 to 10.0. Representative results are shown in 
fig. 2. 

6. Results and discussion 

As shown in fig. 2, the micdie distribution 
boundary becomes increasingly broad as the prop- 
agation coefficient increases from 0.01 to unity. 
when )I = 100. At P = 0.01, the micelie distribution 
monotonically decreases from {A,]/C, = 0.03 to 
zero at i = 5, at which point the boundary disap- 

A 

; 

i 

i; 
i: 
+:’ 
:: :: 
s 

H 
J . . :: 
:: 
ii 

a 

~~~~ 2. hlicelie molar djstfibut+n function [A,]/C, as a function of i showing the effect or the propagation emffieient+ p. 02 the 
shape of the reaction boun&w_ when n = 100. (A) P = 0.01. <B) P = 0.03. (C) P = O-10. tD) P = O-30. (El P = O-60. (F) P = t-00. (G) 
P = 2.00. (H) P = 3.00. (I) P = 5.00. (3) P = 8.00. (K) P = 10-O 



pears. At P = 0.05. we observe a sharp initial 
boundary with a centroid position at i = 5 and a 
maximum at [A,]/Cr = 0.223. At P = 0.1, the 
centroid position of the boundary peak is at i = 9 
and the maximum at [A,]/C, = 0.138. When P = 
0.6, a broadening of the boundary is observed with 
a centroid position at i = 37 and a maximum at 
[A,]/C, = 0.08. At P = 1.0, i = 50 and ]A,]/Cr = 
0.06. These theoretical boundary distribution func- 
tions are consistent with experimental results from 
scanning molecular sieve chromatography [21] or 
other transport techniques. 

It also is evident that the micelle distribution 
boundary becomes increasingly sharp as values of 
the propagation coefficient are increased from 1 to 
10. an observation which is consistent with earlier 
findings by Kegeles [9] as shown in fig. 2. It should 
be noted that we did not observe a marked shar- 
pening of the distribution boundary where P = 2.0. 
as Kegeles has reported_ At P = 3.0, i = 75 and [Ai 
]/C-r = 0.08. At P = 5.0, i = 84 and [Ail/C,- = 
0.12. When P = 8.0, i = 89 and [Ail/C, = 0.13; 
while at P = 10.0. i = 92 and [A,]/C, = 0.139. Our 
results indicate that as values for the propagation 
coefficient exceed 10, the micelle distribution 
boundary becomes increasingly hypersharp. 

7. Skewing and bimodality in micellar reaction 
bound- 

Skewing and bimodality in the micellar system 
can arise from the heterogeneity of the surfactant 
micelle as well as structural intermediates present 
in the system. In order to account for these ob- 
served boundary shapes, we assume the following 
boundary conditions: (i) If the shell size increases 
from j to j + 1, there is a structural transition, 
where the rate of dissociation of mono_mers & 
changes from & to i_El*_ (ii) At this point. the 
intrinsic equilibrium constant will change, from K 
to K*. Hence, if fi* < /3, then in the region fromj 
to jr, the tendency to grow cooperatively into 
tightly bound micelles increases_ Thus, the K re- 
gion may represent a nucleation prccess, while the 
tendency in the K* region is to form tightly bound 
micelles. Thus, /3 and #l* will influence the struct- 
ural transition which occurs. (iii) If /3 = /3*, the 

system simply obeys a binomial distribution func- 
tion as described by eq. 7, which is always uni- 
modal. (iv) Based on the assumption given in (i). 
and the general expression for a shell model given 
in eq. 3, the following distribution functions may 
be generated: 

~=~(:)(IC[A,]}‘-‘.i=I.Z......jand 

E=;(y){ $}‘-I {K’[A,]}‘-‘. 

i=jt1.j+2.....” (18) 

It is apparent that eq. 5 describes a symmetri- 
cal, unimodal boundary. in contrast to eq. 18. in 
which two distribution functions are combined to 
describe a reaction boundary which exhibits skew- 
ing or bimodality. The following cases can be 
derived from eq. 18: 

(a) Unimodal reaction boundary, skewed in the 
trailing edge. In this case nK >j(l + K) and nK* 

>j(I + K*)_ 

(b) Unimodal reaction boundary, skewed in the 
leading edge. Here, nK < j(l + K) and nK* > j( 1 + 

K*). 

(c) Bimodal boundary, where JIK < j( 1 + K) 

and nK* > j(1 + K*). The centroid positions of 
such a distribution occur at p, = JIK/( 1 + K) and 
p2 = ~zK*/(l + K*), with a minimum at j. if (j + 
~)I(Jz-j)K*(A,] and at j+ 1 if (j+ l)Z(n- 

_iW*P,I- 
(d) No skewing of the bimodal boundary will 

be observed when the centroid positions pi and Jo, 
defined in (c) are far apart. 

The variation in boundary shape for micellar 
distribution as a function of j, p and /3* is shown 
in fig. 3. Skewing of the boundary, s, and the 
kurtosis, X, which measures the closeness to a 
normal boundary distribution, may be determined 
using the following expression: 

(19) 

where Cr = X7_ ,[Ai], p = Cy= ,i[Ai]/CT ad CT’ = 

C;_ ,( i - #)[A,]/Cr. The bo;lndary parameters s 



361 

i 
Fig. 3. The boundary shapes for mieellar distribmion [A,IJC, as a function of i showing the effect oij. P and fl”. given u= I.0 and 
[A f f = If). The variati~xxs in boundary shape for mic&ar disrribution as a function ofj. j3 and @* are shoum in this figure- Skeu-ing Of 
the bmmdary and the kurtosis, X. v%ich measures the closeness to a norma bmmdary distribution, may be determined using the 
folfoxving expressim?r 

CT= g [A,],&= 2 i[A,]/C,ando’= 2 (i-$)[A,]/C,- 
i--l i-1 r--l 

The boundav paramcrerss and h arc used to define the relationship between the experimenlally determined distribution and an ideal 
Gaussian distributicm. The boundary shapes for micellar distribibmion [A,]/C, as a function of i shouing the effect ofj- @ 2nd @** 
given sx = LO and [A,] = 1.0, are as folkwsr <A) j3 = @* = 0.333. s = D-1 1% h = --o_t366. i = 75 at p_ (3) j = 72. p = 0.333. p* = 0250. 
5 = -_a_43?. h I C.j63, i = g0 at Jt_ (C) _j = 74, j3 = 0.333. is- = 0.250. 5 = - cI.SIO_ x = 0.337. i = 80 iif f.z- <D) j = 75. p = 0.333. 
p* = 0.250. s = -0.373, x = 0.218. i= 75, 80 al p_ (E) j = 81, B = 0.333, p= = 0.250. s=O.I4b_X=0.0147.i=75atp.~F)j=82. 
@= 0.333. t!P = 0.250.~ = O.I22. X = 0.123. i = 75 at &. 

and X are used tu define the rektiouship between 
the experimentally determined distribution and an 
ideal Gaussian distribution. Thus, as shown in 
fig. 3, if any structural transition occurs during the 
mieellization process, it will be reflected by a 
skewing or bimodality of the reaction boundary 
(fig. 3)_ Thus, tkt; K region showing in fig- 3 repre- 
sents a nucleation process where the intrinsic 
micelIiza?ion constant is inversely proportional to 
the critical micel!e conzzentration (CMC). The 
propagation coefficient for a mice!lization via 

structural transition, the K* region. is K*fAI]_ Et 
must be assumed. for this transition to occur, that 
,O * p* and K* = 1/CMC. 

The apparent effect of the propagation coeffi- 
cient on the micdle distribution boundaq appears 
tu be two-fold. First, the sharpening of the 
boundary as the value of the propagation coeffi- 
cient increases above 3.0 suggests the formation of 
micelles of a uniform size and distribution. Sec- 
ond, the propaga,ation coefficient is an indicator of 
the rate at which monomer is associated into the 
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ith oligomer in the shell and also the rate at which 
monomer is dissociated from the shell. When the 
value of the propagation coefficient is high, the n 
holes of each shell arc cooperatively filled by the 
existing monomeric species, resulting in a uniform 
distribution of micelles. 

It is possible to derive a series of kinetic rate 
expressions for a shell model such as is shown in 
fig. 1, based on the modal distribution function far 
the system at equilibrium and consistent with this 
distribution function. In terms of the rate of disap- 
pearance of the monomeric species in solution, 
[A, 1. this expression would be 

d[A,] “--l 
--~i~~~(n-i)tA.]IAil--B~;[A.] dz r-1 

(20) 

where the equilibrium constant K = (a/P) and 
letting the apparent equilibrium constant, K’= 
i[A;]/[n - (i - l)][Ai_ ,][A,]_ Thus, eq. 20 be- 
comes 

1 

1 1 ” 
=(I --- 

K’ >C. K ,_, 
rIA,l (2’) 

Although the kinetics of this reaction remain to 
be examined, it is apparent that the rate at which 
the monomeric species is associated into the shell 
and the corresponding rate at which monomer is 
dissociated from the shell back into solution at 
equilibrium conditions are crucial to any consider- 
ation cf formation and size distribution of micelles 
in intzracting systems. 

Preliminary data in our laboratory from scan- 
ning molecular sieve chromatographic studies of 
sodium deoxycholate in 0.1 mM pinacyanol chlo- 
ride, 0.2 M NaHCOs buffer, pH 8.5, indicate that 
the micellization process involves an initial forma- 
tion of a small, metastable complex from surfac- 
tant monomer rather than the shell formation 
which might be theoretically predicted, prior to the 
formation of micelles. We are currently investigat- 
ing the kinetics of micellization and the nature of 
any structural intermediate formations in the sys- 
tem (211. 

It is of interest to note that the maxima of the 
micellar boundary peaks, i,, as a function of the 

propagation coefficient, shown in fig. 2, decrease 
monotonically to a minimum plateau, then in- 
crease monotonically over the range where P = 
0- 10 or more. This suggests that it might be useful 
in future studies to evaluate intrinsic equilibrium 
constants of micellizaiion, once tbe concentration 
of monomer or weight fraction monomer have 
been evaluated by scanning molecular sieve chro- 
matography or sedimentation equilibrium mea- 
surements. A plot of the propagation coefficient 
and n in eq. 11 vs. the i th oligomer as a function 
of temperature, pH, and ionic strength, should 
also provide additional information on the ther- 
modynamics of micellization. 
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